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Abstract. In this paper we consider a complete connected noncompact Rie- 
mannian manifold M with bounded geometry and spectral gap. We prove that 
the Hardy type spaces X k (M), introduced in a previous paper of the authors, 
have an atomic characterization. An atom in X k (M) is an atom in the Hardy 
space H^(M) introduced by Carbonaro, Mauceri and Meda, satisfying an "in- 
finite dimensional" cancellation condition. As an application, we prove that 
the Ricsz transforms of even order V 2fe £ — * map X k (M) into L 1 (M). 



1. Introduction 

Suppose that M is a complete connected noncompact Riemannian manifold with 
Ricci curvature bounded from below and positive injectivity radius. Denote by — C 
the Laplace-Beltrami operator on M: £ is a symmetric operator on C^°(M) (the 
space of compactly supported smooth complex- valued functions on M). Its clo- 
sure is a self adjoint operator on L 2 {M) which, with a slight abuse of notation, we 
still denote by C. We assume throughout that the bottom b of the spectrum of 
C is strictly positive. Important examples of manifolds with these properties are 
nonamenable connected unimodular Lie groups equipped with a left invariant Rie- 
mannian distance, and symmetric spaces of the noncompact type with the Killing 
metric. It is known |CMM1| Sect ion 81 that for manifolds with Ricci curvature 
bounded from below the assumption b > is equivalent to an isoperimetric prop- 
erty, which implies that M has exponential volume growth, ergo the Riemannian 
measure is nondoubling. 

In |MMV2j we introduced a sequence X 1 (M), X 2 (M), ... of new spaces of Hardy 
type on M with the property that 

H X (M) D X 1 (M) D X 2 (M), 

and the sequence Y 1 (M), Y 2 (M), ... of their dual spaces, and showed that these 
spaces may be used to obtain endpoint estimates for interesting spectral multipliers 
of C, including the purely imaginary powers of £, and the first order Riesz trans- 
form. Here H 1 (M) is the atomic Hardy space introduced in jCMMl] . Each of the 
inclusions above is proper and each of the spaces X k (M) is an isometric copy of 
H 1 (M). We refer the reader to Section [2] for the definitions of the spaces i? 1 (M), 
X k (M) and Y k (M). 
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Since X k {M) is continuously included in H 1 (M), each function in X k (M) ad- 
mits an atomic decomposition in terms of i? 1 -atoms (these are defined as classical 
Euclidean atoms |CW1 ISt2J . but their support is contained in balls of radius at 
most 1)). Recall that an atom a in H 1 (M) must have integral 0. This cancellation 
condition may also be expressed by saying that a is orthogonal to the subspace of 
L 2 (M) of functions that are constant on the support of a. 

E.M. Stein posed the question whether functions in X k {M) may be characterised 
as those functions in H 1 (M) that admit a decomposition in terms of atoms satis- 
fying further cancellation conditions. The purpose of this paper is to prove such 
an atomic characterisation of X k (M) on manifolds as above satisfying, in the case 
where k > 1, the additional requirement that the first k covariant derivatives of the 
Ricci tensor of M be uniformly bounded. 

Specifically, we say that A is an A fc -atom if A is an i? 1 -atom supported in a ball 
B of radius at most 1 and is orthogonal in L 2 (B) to the space Q k B of all functions 
V in L 2 (M) such that C k V is constant on a neighbourhood of B. Note that, 
contrary to the classical case, the cancellation condition required for X fe (M)-atoms 
is expressed as orthogonality to a infinite dimensional subspace of L 2 (M). As far as 
we know, this is the first time that an "infinite dimensional" cancellation condition 
appears in the literature in connection with Hardy spaces. 

An interesting and challenging problem is to prove L P (M) bounds for the Ricsz 
transforms for p in (1, oo) and endpoint results for p = 1. After the pioneering works 
of Stein |Stlj and R.S. Strichartz jStrj . several contributions have appeared recently 
on the subject. We refer the reader to jCDl lACDHj and the references therein for 
L P (M) bounds. Endpoint results in the case where /i is doubling and M satisfies 
some extra assumptions, such as appropriate on-diagonal estimate for the heat 
kernel or scaled Poincare inequality have been obtained in |CD| IRu| IMRu| lAMRj . 

To the best of our knowledge, very little is known about L P (M) bounds for higher 
order Riesz transforms. N. Lohoue [Loj proved that if M is a Cartan-Hadamard 
manifold such that the first 2k covariant derivatives of the Ricmann tensor of M 
are uniformly bounded, and the Laplace Beltrami operator has spectral gap, then 
the Riesz transforms of even order \7 2k £~ k are bounded on L P (M) for every p in 
(1, oo). The atomic characterization of the spaces X k (M) enables us to prove, in a 
more general setting, an endpoint result for V 2fe £ _fe whenp = 1, namely that these 
operators are bounded from X k (M) to L 1 (M) (see Theorem 15. 2p . We then obtain 
the L P (M) boundedness for p in (1, 2) by interpolation with a classical L 2 {M) result 
of T. Aubin jAuj . We emphasise the fact that our proof is very short and simple. 

Now we briefly outline the content of this paper. In Section [21 after stating the 
basic geometric assumptions on the manifold M and their analytic consequences, 
we recall the definition of the spaces X k {M) and their properties. In Section [3] 
we define the atoms in X k (M), we prove some of their properties and we define 
the atomic space X k t (M). In Section IH we prove that X k (M) = X k t (M), with 
equivalent norms. The argument uses a technical lemma, whose proof is rather long 
and is deferred to Section H>] In Section [5] we prove the boundedness results for the 
Riesz transforms of even order. 

We will use the "variable constant convention" , and denote by C, possibly with 
sub- or superscripts, a constant that may vary from place to place and may depend 
on any factor quantified (implicitly or explicitly) before its occurrence, but not on 
factors quantified afterwards. If T is a bounded linear operator from the Banach 



ATOMIC DECOMPOSITION 



3 



space A to the Banach space B, we shall denote by |||7~||| A . B its norm. If A = B 
we shall simply write |||7"||L instead of |||7"||L. A - 

2. Basic definitions and background material 

Suppose that M is a connected n-dimensional Riemannian manifold of infinite 
volume with Riemannian measure //. Denote by Ric the Ricci tensor, by — C the 
Laplacc-Beltrami operator on M, by b the bottom of the L 2 (M) spectrum of C, 
and set j3 = limsup,,^^ [log /x(i?(o, r))] /(2r). By a result of R. Brooks b < 1 |Brj . 

Definition 2.1. We say that M has C e bounded geometry if the injectivity radius 
is positive and the following hold: 

• if £ = 0, then the Ricci tensor is bounded from below; 

• if £ is positive, then the covariant derivatives V J Ric of the Ricci tensor are 
uniformly bounded on M for all j in {0, ...,£}. 

Basic assumptions 2.2. We make the following assumptions on M : 

(i) b > 0; 

(ii) M has C bounded geometry for some nonnegative integer £. 

We denote by k the smallest positive number such that Ric > — k 2 . 

Remark 2.3. It is well known that for manifolds with properties (i)— (ii) above there 
are positive constants a, (3 and C such that 

(2.1) fi(B{p,r)) <Cr a c 2f3r Vre[l,oo) VpGM, 

where B(p,r) denotes the geodesic ball with centre p and radius r. 

Moreover, they satisfy the uniform ball size condition, i.e., for every r > 

(2.2) inf {n(B(p,r)) : p E Al} > and sup {fx(B(p,r)) : p G M} < oo. 

See, for instance, jCMPj . where complete references are given. 

Remark 2.4. By |Gr[ Section 7.5] there exists a nonnegative number S such that 
the following ultracontractive estimate holds 

|||e~ t£ ||| 1 . a < Cc- bt t- n/4 (l + t) n/4 - 5/2 yt G K + . 

Clearly this implies 

|||e- tc ||L <Cc- bt r s Vfce[l,oo). 

Ill llll;oo — L ' ' 

We denote by B the family of all balls on M. For each B in B we denote by 
Cb and r# the centre and the radius of B respectively. Furthermore, we denote by 
cB the ball with centre cb and radius crs- For each scale parameter s in R + , we 
denote by B s the family of all balls B in B such that rs < s. 

We recall the definitions of the atomic Hardy space i/ 1 (M) and its dual space 
BMO(M) given in jCMMl) . 

Definition 2.5. An B^-atom a is a function in L Y (M) supported in a ball B with 
the following properties: 

(i) f B ad t J > = °; 
(fi) |H| 2 <mOb)- 1/2 . 
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Definition 2.6. Suppose that s is in M. + . The Hardy space H^(M) is the space of 
all functions g in that admit a decomposition of the form 

oo 

(2.3) g = A fc g fc , 

fe=i 

where is a i/^-atom supported in a ball B of B s , and Y^ikLi l^fcl < 00 • ^he norm 
Hfflliji of g is the infimum of 1^*1 over an decompositions (|2.3[) of g. 

The vector space H^(M) is independent of s in R + . Furthermore, given si and 
S2 in K + , the norms and are equivalent |CMMlj . 

Notation 2.7. We shall denote the space i/* (M) simply by H 1 (M), and we endow 
H X (M) with the norm H\(M). 

Definition 2.8. The space BMO(M) is the space of all locally intcgrable func- 
tions / such that N(f) < oo, where 

N(f)= sup -3- f \f-f B \dn, 
and Jb denotes the average of / over B. We endow BMO(M) with the "norm" 

\\f\\BMO = N(f). 

Remark 2.9. It is straightforward to check that / is in BMO(M) if and only if its 
sharp maximal function defined by 

/*(*)= sup -L-[\f-f B \dn WxeM, 

is in L°°(M). Here Bi(x) denotes the family of all balls in B± that contain the 
point x. 

The Banach dual of H l {M) is isomorphic to BMO(M) jCMMll Thm 5.1]. 

Now we recall the definition of the new Hardy spaces X k (M), introduced in 
jMMV2j . For every a in R + denote by U a the operator C (al + £)~ 1 . Observe that 

U a =1 - a(al + C)- 1 . 

It is known that U a is injective on L 1 (M) + L 2 (M). 

Definition 2.10. For each positive integer k we denote by X k {M) the Banach 
space of all L l (M) functions / such that U7 k I is in _ff 1 (Af), endowed with the 
norm 

11/11x^ = 11^/11^. 

Clearly U~^ k is an isometric isomorphism between X k (M) and iJ 1 (M). 

Definition 2.11. For each positive integer k we denote by Y k (M) the Banach dual 
of X k (M). 

Remark 2.12. Since U~^ k is an isometric isomorphism between X k (M) and H 1 (M), 
its adjoint map {MaJ')* is an isometric isomorphism between the dual of H 1 (M), 
i.e., BMO(M), and Y k (M). Hence 
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Remark 2.13. We recall the following properties of the spaces X k (M), proved in 
[MMV2J : 

(i) if a is in (/3 2 - b, oo), then U k H x (M) agrees with X k (M); 

(ii) Up2 : X k ~ 1 (M) — > X k (M) is an isomorphism for every positive integer k; 
(hi) H 1 (M) D X 1 (M) D X 2 {M) ~D ■ ■ ■ with proper continuous inclusions; 

(iv) if 1/p = 1 - 8/2, then the complex interpolation space (X k (M), L 2 (M))[g] 
is L P (M) (this is the analogue for the spaces X k (M) of the celebrated result 
of C. Feffcrman and Stein [FeS] ) . 

3. Special atoms 

Atoms in X k (M) will be L 2 (M) functions supported in a ball B that satisfy a 
size condition analogous to that for iJ 1 -atoms and an infinite dimensional cancel- 
lation condition, which will be expressed as orthogonality to the space of "fc-quasi- 
harmonic" functions on B defined below. 

Definition 3.1. Suppose that k is a positive integer, and that B is a ball in M. 
We say that a function V in L 2 (M) is k- quasi-harmonic on B if C k V is constant 
(in the sense of distributions) in a neighbourhood of B. We shall denote by Q k B the 
space of fc-quasi-harmonic functions on B. 

Remark 3.2. Observe that the following are equivalent: 

(i) V is in Q|; 

(ii) V is in L 2 (M) and is smooth in a neighbourhood of B, and C k V is constant 
therein. 

Indeed, if V is in Q B , then V is in L 2 (A1) by the definition of the space Q B , and 
C k V is a constant in the sense of distributions in a neighbourhood of B. Hence V 
is smooth on that neighbourhood by elliptic regularity. 

The converse is obvious. 

Observe the following inclusions, which are direct consequences of the definition 
of Q k B : 

Q B cQ%C---; (Q^ D (Q|) ± D ■■■ 

For each ball B in M we denote by Lq(B) the subspace of L 2 (M) consisting of all 
L 2 (M) functions / with support contained in the ball B, and satisfying J B f d/i = 0. 

Proposition 3.3. Suppose that k is a positive integer, and that B is a ball in M . 
The following hold: 

(i) (Q k X = {F e L 2 (M) : £- k F e L 2 (B)}; 

(ii) £~ k ((Q B )- L ) is contained in Lq(B) r\Dom(£ k ). Furthermore, functions in 
{Q B ) have support contained in B; 

(iii) U7 k ((Q B ) ± ) is contained in Lq(B). 

Proof. We prove (i). First wc show that {Qb)~ L 1S contained in 
{F e L 2 (M) : £- k F e L 2 {B)}. 

Suppose that F is in (Q k B )^. To show that the support of C~ k F is contained 
in B it suffices to prove that (£- k F,l B >) = for every ball B' contained in (B) c . 
Since L is self adjoint, 

(C- k F,l B ,) = (F,£- k l BI ). 
Notice that C~ k l B ' is in Q B , hence the last inner product vanishes, as required. 
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Next we prove that the integral of £ k F is 0. Since the support of £ k F is 
contained in B and £ is self adjoint, 

/ £- fe Fd/i= (£- k F,l 2B ) = (F,£- fe l 2B ). 

J M 

Now, the last inner product vanishes, because F is in (Q%) by assumption and 
Cr k \iB is m Q%i a s required. 

Next we prove that {F g L 2 (M) : £- k F g is contained in (Ql)- 1 . Sup- 

pose that is in L§(JB). Observe that F is in Dom(£ fe ) and that F = C k C~ k F. 

Suppose now that V is in Q^. Then V is smooth in a neighbourhood of B by Re- 
mark [2iH and 

(F, V) = {£ k £- k F, V) = (C- k F, C k V) = 0. 

The last equality follows from the facts that C k V is constant in a neighbourhood 
of B, and that £~ k F is in Lq(B), so that its integral on B vanishes. 

Next we prove (ii). Clearly if F is in L 2 (M), then £~ k F is in Bom{C k ) by 
abstract set theory. Moreover C~ k F is in Lq(B) by (i), and the first statement of 
(ii) follows. 

To prove the second statement of (ii), observe that the support of £~ k F is 
contained in B. hence so is the support of £ k C~ k F, i.e., of F. 

Finally, we prove (iii). Observe that U~ k = {l + /3 2 C) k C~ k . Since £- k ((Q k B ) ± ) 
is contained in Lq(B) D Dom(£ fc ) by (ii), it suffices to show that & {h\(B) n 
Dom(£ fc )) is contained in Lq(B) for all j in {0,1,..., k}. Suppose that F is in 
L%(B) n Dom(£ fe ). Denote by ^ a function in C£°(M) such that 4> = 1 on B. Since 
C is self adjoint and the support of F is contained in B, 

[ C 3 Fd^i = (C 3 F, (/)) = (F, £ J » = 0, 

J M 

as required to conclude the proof of (iii) and of the proposition. □ 

Definition 3.4. Suppose that k is a positive integer. An X k -atom associated to 
the ball B is a function A in L 2 (M), supported in B, such that 

(i) A is in (Q!)^; 

(ii) \\a\\ 2 < M#r 1/2 - 

Note that condition (i) implies that J Ad/i — 0, because I2B is in Qg. 

Remark 3.5. Note that if A is a X fc -atom supported in B, then £ _fe J 4/|||£ _fc |||2 is a 
i? 1 -atom with support contained in B. 

Indeed A is in (Q h 3 ) ± , so that C~ k A is in Lq(B) by Proposition l3.3l (iii) . Moreover 

||£- fc A|| 2 <|||£- fc | 2 ||A|| 2 

<ii£- fe ii 2 Mi?r 1/2 , 

so that £~ fc j4/||£~ fe | 2 is a 7J 1 -atom supported in B, as required. 
Note also that an X fe -atom A is in X k (M) and 



(3.1) 
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Indeed, the function U^ k A is in Lq(B) by Proposition 13. 31 (hi) and 

\\u-Mh < \\u- 2 % \\A\\ 2 

<tu- 2 %KB)- 1/2 . 

Therefore U^A/\\U^\\ 2 is an iF-atom, and the required estimate follows from 
the definition of X k (M). 

Definition 3.6. Suppose that k is a positive integer. The space X k t (M) is the space 
of all functions F in H 1 (M) that admit a decomposition of the form F = Xj Aj , 
where {Xj} is a sequence in i 1 and {Aj} is a sequence of X fe -atoms supported in 
balls Bj in B± . Atoms supported in balls in B\ will be called admissible. We endow 
X k t (M) with the norm 

!l^!lx fc t = mr {^Z l^'l : F = ^ ^ admissible X fc -atoms}. 

j j 

4. The atomic decomposition of X k (M). 

In this section we prove that X k (M) = X k t (M) with equivalent norms. We 
need two lemmata. 

Lemma 4.1. If a > 1 — b the operator U k is bounded on H 1 (M) for every positive 
integer k. 

Proof. Denote by V the operator V C — b and by m a ,k the function defined by 

Then U k = m (Ty k{'D)- The function m CT) fc is bounded, even and holomorphic in the 
strip Sp = G C : |ImC| < (3} and there exists a constant C such that 

(4.1) |^'m CT , fe (C)|<C(l + |C|)- J VCeS^ VjGN. 

The conclusion follows from |MMV2| Thm 3.4]. □ 

The main step in the proof of the atomic decomposition of X k (M) is Lemma |4~21 
below, which will be proved in Section [51 

Lemma 4.2. Suppose that k is a positive integer and that M has C k bounded 
geometry. If A is an admissible X k ~ 1 -atom then U^+^A is in X k t (M), and 
there exists a constant C , independent of A, such that 

\\U^ +K ,A\\ xit < C, 

where k is the constant which appears in the lower bound of the Ricci tensor. 

The main result of this section is the following. 

Theorem 4.3. Suppose that k is a positive integer and that M has C k bounded 
geometry (see Definition \2.1\) . Then X k (M) and X k t (M) agree as vector spaces 
and there exists a constant C such that 

(4.2) C\\F\\ x > t < \\F\\ xk < \\\U- k \\\ 2 \\F\\ X k t VF G X k (M). 
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Proof. First we prove that X k t (M) is contained in X k (M), and that the right-hand 
inequality in ([4.2)1 holds. 

Suppose that F = . Xj Aj, where Aj is an admissible _X" fc -atom. By Remark l3.5l 

(see (HH])), the function Ajj\Mzt\-i is an H 1 -atom. The series Y^j ^3^2 A 3 is 
then convergent in H 1 (M). Denote by / its sum. Since U^ 2 is bounded on H 1 {M) 
by Lemma |4.1[ 

U k P 1 = Y J hU%{U^A 3 )=F. 

j 

Thus, F is in X k {M), and 

\\F\\x- = \\f\\^ < I Vila £N" 

3 

The right-hand inequality in ()4.2I) follows from this by taking the infimum over all 
the decompositions of F of the form F = Xj Aj . 

Next we prove that X k (M) is contained in X k t (M) and that the left-hand in- 
equality in (|4.2|) holds. For notational convenience, in the rest of this proof we 
denote H 1 (M) also by X°(M), and write 1Z instead of 72-4^2+^2 and U instead of 

We argue inductively. The result is trivial in the case where k = 0, because 
U a = X. Suppose that the result holds for k — 1 and that F is in X k (M). Then 
/ = U- X F is a function in X k ~ x {M), and = ||-F|U*>, by Rcmark[2Tl 

By the induction hypothesis for each e in M + there exist a sequence {Aj} of 
admissible .X* 1 -atoms and a summable sequence {cj} of complex numbers such 
that 

(4.3) / X and H/H^-x > £ | Cj | - e. 

3 3 

Observe that we may write 

(4.4) F = Uf = Y i c j UA j , 

3 

because the series Y^j Cj Aj converges to / in H 1 (M), and U is bounded on iJ x (M) 
by Lemma [4~T1 

From (14.4)) and Lemma |4~21 we see that 

\\F\\x^<Y.^\W UA M, 

3 

<C^|c,| 

3 

<C(\\f\\ x >-i+e) 
= C{\\F\\ xk +e). 

Therefore F is in X k t (M), and \\F\\ X k < C\\F\\ xk , as required. 

This concludes the proof of the theorem. □ 

Remark 4.4. Suppose that k is a positive integer and that s is a scale parameter in 
M + . The space of all functions F in H 1 (M) that admit a decomposition of the form 
F = J^j Aj, where {Aj} is a sequence in i 1 and {Aj} is a sequence of X fe -atoms 
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supported in balls Bj in B s agrees with X k t (M) (hence with X k (M)). The norm 
on X k t (M) defined by 

inf I A? I : F = ^ ^ arc ^ fe " a toms supported in balls of B s } 

3 j 

is an equivalent norm on X k t (M) . 

To prove this, it suffices to observe that minor modifications in the proof of 
Theorem 14.31 and Lemma [4.21 show that F is in X k {M) if and only if it admits a 
decomposition in terms of X^-atoms supported in balls in B s . 

Remark 4.5. Suppose that p is in (l,oo) and denote by p' the index conjugate to 
p. Assume that fc is a positive integer and that B is in B. Define Q k B p , to be 
the space of all functions V in LP (M) such that C k V is constant (in the sense of 
distributions) in a neighbourhood of B. Then denote by {Q k B _>) the annihilator of 
Q k Bp , in L p (M). Then a A fe -atom in L P (M) is an clement A of {Q k B ^,)^, satisfying 
the size condition 

\\A\\ P < ^B)- 1 /?' . 

It is straightforward to modify the theory of this section to show that X k {M) 
admits an atomic characterisation in terms of A" fe -atoms in L P (M). The fact that 
U is an isomorphism of L P (M) for all p in (1, oo) plays an important role here. 

As a consequence of the atomic decomposition of the space X k (M), we may 
describe explicitly the action of elements of Y k (M), the dual of X k (M), on finite 
linear combinations of A fc -atoms. 

Definition 4.6. Suppose that fc is a positive integer. We denote by X£ n (M) the 
vector space of all finite linear combinations of A fe -atoms and by H\ n (M) the vector 
space of all finite linear combinations of _£f ^atoms. 

Suppose that £ is a continuous linear functional on X k (M). Since U^ 2 is an 
isomorphism between iJ 1 (M) and X k (M) and X k (M) and X k t (M) are isomorphic 
by Theorem 14.31 £oU k 2 is a continuous linear functional on iJ 1 (M). By |CMM1[ 
Thm 5.1], there exists a function / in BMO(M) such that 

(£aU k 2 )(g)= [ gfdlM Vg € H\ n (M). 
JM 

Clearly 

\\e\\ Yk = \\£ou k 2 \\ {m y = \\f\\ BM0 . 

It may be worth describing how the functional I acts on A fc -atoms, or, more 
generally, on functions in X^ D (M). Suppose that A is a A fc -atom with support 

contained in an arbitrary ball B. Since U^ 2 k = (l+ f3 2 £~ 1 ) k , there exist constants 
Cj such that 

k 

UjfA^CjJZ-'A. 

3=0 

Then U~ 2 A is a finite linear combination of ii^-atoms by Remark 13.51 Therefore 

1(A) = (£oU k 2 )(U- 2 k A) 

= j (U- 2 k A)fdfi. 

JM 
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Observe that Ug 2 A is supported in B, so that the last integral is just the inner 
product in L 2 (M) between UJ k A and 1 B f. Since U^ k is self adjoint, we may write 

1{A)= I AU^ k (l B f)d^. 
Jai 

A similar argument shows that if F is in X£ n (M) and its support is contained in 
the ball B, then 

t(F)= f FU- 2 k (l B f)^. 
Jm 

It may be worth observing that a consequence of this representation formula for 
£, and of the fact that \\£\\y^ = \\J\\bmo, is that 

N'(f)<\\l\\y k <l\l(*4 2 N>(f), 

where 

N'(f)= sup (-*- [ \U- 2 k (l B f)- f B U- 2 k l B \ 2 dX /2 
BeBl \fi{B) J B > p p ) 

and f B denotes the average of / over B. The proof of this fact is straightforward 
and is omitted. 

5. RlESZ TRANSFORMS OF EVEN ORDER 

Denote by V the covariant derivative on M. The Riesz transform of order £ 
is the operator V e C~ e ^ 2 mapping smooth functions with compact support on M 
to sections of the bundle T((M) of covariant tensors of order I. In this section 
we exploit the atomic decomposition of the spaces X k (M) to prove that the Riesz 
transforms of even order \7 2k £~ k extend to bounded operators from X k (M) to 
the space i 1 (T2fe(M)) of L 1 sections of T2k{M). To prove this result we need to 
strengthen the bounded geometry assumption on M, by replacing the derivatives 
of the Ricci tensor with those of the Riemann tensor in Definition 12.11 

Definition 5.1. We say that M has C e strongly bounded geometry if the injectivity 
radius is positive and the following hold: 

• if I = 0, then the Ricci tensor is bounded from below Ric > — k 2 for some 
positive re; 

• if £ is positive, then the covariant derivatives V J i? of the Riemann tensor 
are uniformly bounded on M for all j in {0, ...,£}. 

We recall that the boundedness of the first order Riesz transform on L 2 (M) follows 
from the identity C = V*V and the self-adjointness of £ on L 2 (M) |Str| . From 
a result of Aubin [Aul Prop. 3], it follows also that if b > and M has C l ~ 2 
strongly bounded geometry then the Riesz transform of order I > 2 extends to a 
bounded operator from L 2 (M) to the space L 2 (Tg(M)) of square integrable sections 
of T e { M). 

In [MMV2] the authors, under the additional assumption that b = f3 2 , proved 
that the Riesz transform of order 1 maps X k {M) to L 1 (Ti(M)J for k large enough. 
In general, the Riesz transforms of order one do not map H 1 (M) to L 1 (T^(M)). 
A counterexample on noncompact symmetric spaces will appear in a forthcoming 
paper of the authors |MMV3j . Notice that the modified Riesz transform of order 
1, i.e. the operator V(£ + el)~ 1/2 , for e > 0, maps H 1 ^!) into L x {Ti{M)) even 
when M satisfies less stringent assumptions on M [Ruj . 
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Theorem 5.2. Ifb>0 and M has C 2k 2 strongly bounded geometry then the Riesz 
transform of order Ik extends to a bounded operator from X k (M) to L 1 (T2k{M)) 
and from U>{M) to LP(T 2k {M)) for all p in (1,2). 

Proof. To prove that V 2k C~ k is bounded from X k (M) to L l (T 2k {M)) it suffices to 
show that V 2k £~ k maps Jf fe -atoms into L 1 (T 2 k(M)) uniformly. Suppose that A is 
a X fc -atom associated to the ball B. Then, by Remark 13.51 the function C~ k A is 
supported in B. Hence, by Holder's inequality and the boundedness of V 2k C~ k on 
L 2 (M), 

\\V 2k £- k A\\i < \\V 2k C- k A\\ 2 ^(B)^ 2 
<C\\A\\ 2 m(B) 1/2 < C, 

as required. The boundedness of \J 2k £~ k from W(M) to LP(T 2k (M)) for all p 
in (1,2) follows by interpolation (see |MMV2i Thm 2.15]) from the X k (M) - 
— L 1 (T 2 k(M)) boundedness and the aforementioned result of Aubin. □ 

6. Proof of Lemma R~2l 

In this section we shall prove Lemma 14.21 First we need a variant of the "eco- 
nomical decomposition of atoms" proved in |MMV2| Lemma 5.7]. 

Lemma 6.1. Suppose that k is a positive integer and that M has C k bounded 
geometry (see Definition \2. 1}) . If a is an B. x -atom in T)om(C k ), then C k a is in 
X k t (M). Furthermore, if the support of a is contained in the ball B, then there 
exists a constant C such that 

\\C k a\\ x , t < C(l+ r B )n(B) 1 ' 2 \\C k a\\ 2 . 

Proof. Suppose first that the support of a is contained in a ball B such that r B < 1. 
Since C k a is in (Q^) 1 - by Proposition GE2 ^{B)" 1 / 2 C k a/\\C k a\\ 2 is a X fe -atom 
supported in a ball in B\ and the lemma is proved. 

Next, suppose that r B > 1. Denote by 6 a 1/3-discretisation of M, i.e. a set of 
points in M that is maximal with respect to the property 

min{d(z,w) : z,w e &,z ^ w} > 1/3, and d(@,x) < 1/3 VxgM. 

The family {B(z, 1) : z <S 6} is a covering of M which is uniformly locally finite, by 
the uniform ball size and the local doubling property of the Riemannian measure 
(see, for instance, jChl Theorem 3.10]). By the same token, the set B n © is finite 
and has at most N points Zi, . . . , Zn, with N < C fi(B), where C is a constant 
which does not depend on B. Denote by Bj the ball with centre Zj and radius 1, 
and by {ipj : j = 1, . . . , N} a partition of unity on B subordinated to the covering 
{B r .j = l,...,N}. 

Fix j in {1, . . . , N} and denote by z?, . . . , z^ 3 points on a minimizing geodesic 
joining Zj and cb, with the property that z^ = Zj, z^ 3 = cb, and d(zj,z^ +1 ) 
is approximately equal to 1/3. Note that Nj < Ars- Denote by B^ the ball 
B(z^ 1/12), for j = 1, . . . ,N and h = 0, . . . , Nj. Then the balls B[) are disjoint, 
B h } c B(z$, 1) n B(zf +1 , 1) and Bp = B(c B , 1/12). 

Denote by 4>^ a nonnegative function in C^°(i?^) that has integral 1. By the 
uniform ball size property we may choose the functions so that there exists a 
constant A such that \\<j>j \ \ 2 < A for all h and j. 
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The existence of a uniform bound on the derivatives of the Ricci tensor implies 
that we can choose the functions tpj and (p'j so that their covariant derivatives of 
order up to 2k are uniformly bounded for all j and h (see |Hel p. 14]). Now, denote 
by a® the function a tpj . Clearly 

N N 
3=1 3=1 

Next, define 

a] = a§ - $ [ a° d M and a) = (<^~ 2 - ^f 1 ) [ a° dfi, 2 < h < Nj + 1. 

J M JM 

Then, for every h in {1, . . . ,Nj}, the support of cij is contained in B(Zj 1 , 1), the 
integral of a'j vanishes and 

\\a^\\ 2 <2A f |a°|d/x 

JM 

<C\\a%^B 3 )^ 

<c\\ a %^B';y^. 

In the last two inequalities we have used the uniform ball size property (|2.2p . Hence 
there exists a constant C, independent of j and h, such that 

(6-1) \\ai l \\ Hl <C||a°|| 2 . 

Moreover 

<<•; X «'; • / 

Thus 

JV Wj + l 

because SjJ'n/ ?'^ = Jm 00 ^ = ^ anc ^ au ^ nc functions J = l,...,iVj 

coincide, since J = 5(c B , 1/12). Moreover, a) is in Dom(£ fc ), and 

\\c k a)\\ 2 <\\c k a% + \\c k <p% / |o$|d/* 

JM 

<C\\C k a%, 

where, in the last inequality, we have used the estimate 1 1 a° 1 1 2 < C ||£ fc a°||2, which 
holds because C has spectral gap. Similarly, if h = 2, . . . , Nj ■ + 1, then all- is in 
Dom(£ fc ), and 

\\n k a)\\ 2 <c\\L k a%. 

Hence C k a^ /\\C k a^\\2 is a multiple of a X fe -atom supported in a ball of radius 1, 
with a constant C which does not depend on j and h by the uniform ball size 
property. Thus 

(6.2) \\C k a*\\ x , t <C\\C k a% Vj,h. 
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Adding up the inequalities in (|6.2|) . we obtain 

JV Nj+l 

n £fea ii^ ^ E E ii^ilk, 

j=l h=l 

N Nj+l 

3=1 h=l 

Remembering that Nj < Cr B and N < C fJ>(B), and using Schwarz's inequality, 
we see that the right-hand side is dominated by 

N N 1/2 

Cr B ]T \\C k a% < CtbNW (]T W&'ih*) 

3 = 1 3=1 

< Cr B n{B) l ' 2 \\C k ah. 

In the last inequality we have used the fact that {tpj} is a partition of unity on B, 
subordinated to the uniformly locally finite covering {Bj}. 

This completes the proof of the lemma. □ 

Remark 6.2. There exists a constant C such that 

\\!\\ x , t <C(l + r B )^B) 1 l 2 \\!\\ 2 Wf€(Q%) ± . 

Indeed, if / is in (Qg)^, then the function C~ k f is a multiple of a iJ 1 -atom, by 



Proposition 13.31 The conclusion follows, by Lemma 16. II 

The second ingredient in our proof of Lemma 14.21 are two technical results in one- 
dimensional Fourier analysis (see Lemma l6.3l and Lemma l6.5l below). To state them 
we need some more notation. For every / in L^R) define its Fourier transform / by 

/oo 
f(s) c- tst ds Vi 6 R. 
-oo 

If / is a function on R, and A is in R + , we denote by f x and f\ the A-dilates of /, 
defined by 

(6.3) f x (x) = f(Xx) and f x (x) = A" 1 f(x/X) Vx G R. 

For each v > —1/2, denote by J v : R \ {0} — > C the modified Bessel function of 
order u, defined by 

where J„ denotes the standard Bessel function of the first kind and order v (see, 
for instance, [Lj formula (5.10.2), p. 114] for the definition). Recall that 

_ . . /~2"" , n „ , s sini 

J-1/2W = A/ - cost and that J1/2W = y ~ 

For each positive integer £, we denote by O l the differential operator t e D l on the 
real line. For the proof of the following lemma, see |MMV2| Lemma 4.1]. 

Lemma 6.3. For every positive integer k there exists a polynomial P k +i of degree 
k + 1 without constant term, such that 



(6.4) / f(t)cos(vt)dt = P k+l (0)f(t)J k+l/2 {tv)dt 
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for all functions f such that O e f G L 1 (R) n C (K) /or a// £ m {0, 1, . . . , k + 1}. 

Denote by u an even function in C^°(K) which is supported in [—3/4,3/4], is 
equal to 1 in [—1/4, 1/4], and satisfies 

Y^u(t-j) = l VteR. 

jez 

Denote by 4> the function u; 1 / 4 — to, where w 1 / 4 denotes the 1/4-dilate of u>. Then tfi 
is smooth, even and vanishes in the complement of the set {t G R : 1/4 < \t\ < 4}. 
For a fixed i? in (0, 1] and for each positive integer i, denote by Ei the set {t G R : 
4 1 ~ 1 i? < |i| < 4 l+1 i?}. Clearly ^/(^H) i s supported in E h and J^Zi 1/(4 * R) = 1 
in K \ (—R,R). Denote by d the integer [log 4 (3/i?)J + 1. To avoid cumbersome 
notation, we write pi instead of l/(4*i?). Then 

d 

(6.5) w"°+^0 pl =l on [-3,3]. 

Suppose that c is in R + , and denote by r the function defined by 

(6.6) r (A) = _L_ VAeC\{± lc }. 
Note the decomposition 

d 

(6.7) £*r(A)=]TS ? :(A), 
where the functions Si : R — > C are defined by 



oo 



(6.8) S (\) = ^J ojP«(t) P N (0)(Ljf)(t) J N _ 1/2 (Xt)dt VAeR, 
and, for i in {1, . . . , d}, 

(6.9) Si(X) = ^- f <f> pi (t)P N (0)(u}?)(t)J N _ 1/2 (\t)dt VAeR, 
where N is a positive integer. 

Remark 6.4. Note that there exist constants a such that 

N-l 

t- 1 P N (0)=^Tc e t«D i + 1 . 

£=0 

Lemma 6.5. Suppose that N is a positive integer. The following hold: 

(i) the norm \\t~ 1 PN(0)r\\ 0O is finite; 

(ii) if N > 3, then there exists a constant C, independent of R in (0,1], such 
that 

sup(A 2 + l)|5 (A)| <C. 

A>0 

Proof. By Remark l6.4[ to prove (i) it suffices to show that 

(6.10) sup\t e D e+1 ?(t)\ < oo W G {0,...,N- 1}. 

teR 
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This is a standard estimate in Fourier analysis. Recall that r(t) = (l/c)e c '*'. It 
is straightforward to check that Dr = — cr sgn, and that for each k > 1 

£ 2 *f = c 2fc f _ 2 ^^(fc-l-J) D 2 j§Q 
j=0 

D 2k + 1 ?= - c 2k+1 r ■ sgn - 2 ^ D 2j ' +1 <J . 

i=o 

Hence 

^fc-l D 2k ?{t) = c 2k t 2k-l ?{t) and t 2k D 2k+l ? ( t} = _ c 2k+l f k sgR ^ . 

so that 

\t e D e+1 r(t)\ = c e \t\'e- c W VieK, 

and the required estimate follows. 

To prove (ii), observe that, on the one hand, by (|6.8[) and (16.101) 



|5 (A)| < || w || 0O ||i- i P 7V (0)( w f)|| co / \t\\J N _ 1/2 (tX)\dt 

J — oo 

< CHwIloo A" 2 VAe [0,oo). 
On the other hand, the function J'n— 1/2 ^ s bounded, so that 

/oo 
UJP°(t)\t\dt 
-OO 

<C VAe [0,oo). 

We have used the fact that po = and i? < 1 in the last inequality. The proof 
of the lemma is complete. □ 

The third, and last, ingredient in the proof of Lemma 14.21 is the following propo- 
sition, which shows that certain functions of the operator C map f/^-atoms into 
functions that have integral 0. For technical reasons, it is convenient to work with 
functions of the wave propagator 



instead of functions of C We recall that — k 2 is the greatest lower bound of the Ricci 
curvature (see Basic assumptions 12. 2j) . The reason for considering the operator T>\ 
instead of T> = V £ — b is that, in order to prove estimates of the gradient of the 
kernels associated to functions of £, we need to exploit the identity dC = Ld, 
where L is the Hodge Laplacian L on 1-forms and d denotes exterior differentiation 
(see |MMV1[ Prop. 5.5]). Whereas, in general, the operator L — b is not a positive 
operator on 1-forms, the operator L — 6 + k 2 is nonnegative on manifolds whose 
Ricci curvature satisfies the lower bound Ric > — k 2 . 

Proposition 6.6. Suppose that v is in [—1/2, oo), that w is a complex measure on 
K and that a is an H 1 -atom. Define the operator W u (T>i) on L 2 (M) spectrally by 

/oo 
MW^fdwit) V/GL 2 (M). 
-oo 

The following hold: 

(i) J M W v {V 1 )adtx = Q; 
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(ii) J M Si(T>i)ad[j, = for i = 0, . . . , d (the functions Si are defined in 116.8]) 
and \6.9\) . 

Proof. A simple argument, based on the finite speed of propagation property of the 
operator C — b + k 2 , shows that 

(6.11) f J v (W 1 )adfj, = 0. 

JM 

(see [MMV21 Prop. 5.5]). Since W u and the function Si are integrals of J u (t-) with 
respect to complex measures, we obtain the desired conclusion by interchanging the 
order of integration. □ 

Remark 6.7. Note that for every v in [— 1/2, oo) the function A n- J v (tX) is even 
and of entire of exponential type t, so that kernel kj^u-Di) of the operator J v (tT>\) 
is supported in the set {{x,y) £ M x M : d(x,y) < t} by the finite propagation 
speed. 

The main step in the proof of our main result is Lemma [4.2l which we restate for the 
reader's convenience. The idea, used in the proof, of subordinating spectral func- 
tions of C to the wave propagator has been used several times since its appearance 
in [CGTl lTi]. 

Lemma (4.2). Suppose that k is a positive integer and that M has C k bounded 
geometry. Let A be an admissible X k ~ 1 -atom. ThenU^i+^iA is in X k t (M), and 
there exists a constant C , independent of A, such that 

Proof. Suppose that the atom A is supported in the ball B(p,R). Then R < 1, 
because A is admissible. Denote by N an integer > n/2 + 3. For notational 
convenience, in this proof we shall write J instead of Sn-i/2i ^ instead of 7^ 4 ^2 +K 2, 
U instead of U^a2 +Ki i and c instead of ^/ 4/3 2 + b. Observe that 7Z = r(T>i) (the 
function r was defined in (|6.6p ). 

Step I: splitting of the operator. Define the operators S and T spectrally by 

(6.12) S = (Q*r)(V 1 ) and T = (r - Q *r)(V 1 ). 

Then UA = CKA = CSA + CT A. We shall prove that both CSA and CT A are in 
X k t (M) and that there exists a constant C, independent of A, such that 

(6.13) \\CSA\\ X k t < C and \\CTA\\ X ^ < C. 

The proof of estimates f|6 . 1 3[) will be given in Steps II and III. 

Step II: proof of the first inequality in i6.13\) . Note that la r has support in 
[-3/4,3/4]. Define the functions Si as in ([Big]) and (fO]l . Observe that, by ([677]) . 

d 

(6.14) S = Y,Si{V x ), 

i=0 

where d = [log 4 (3/i?) + 1]. Denote by Bi the ball with centre p and radius (4 I+1 + 
1)R. Since the support of the kernel of the operator Si{T>i) is contained in {(x, y) : 
d(x, y) < A %+1 R} by the finite propagation speed, the function SiiV\)A is supported 
in Bi. 

Now we check that CSi(T>i)A is in (Q%.) ■ By Proposition 13.31 it suffices to 
show that C~ k CSi(Vi)A is in Lg(5;)- Now > Cr k CSi{V x )A = S l (V 1 )C 1 - k A and 
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£ 1 ~ k A is a constant multiple of a i? 1 -atom with support contained in B(p, R) by 
Remark 13.51 Thus the support of Si(T>i)£ 1 ~ k A is contained in B{ and its integral 
over M vanishes by Proposition ^. 61 (ii). 

Next, we claim that there exists a constant C, independent of A, such that for 
i in {0, . . . , d} 

(6.15) ||^(Pi)A|| 2 <C M (i?. t )" 1/2 4- 1 
and 

(6.16) ||£S 4 (2?i)A|| 2 < C v(B t y 1/2 4" 4 . 

Deferring momentarily the proof of the claim, we show that the first inequality in 
(|6.13|) follows from it. Indeed, by (|6.14j) and the triangle inequality, 



Now Remark 16.21 and (|6 . 16[) imply that 

WLStiVjAW^ < Cn(Bi) 1/2 ||£Si(X>i)A|| 2 
< CA~\ 

Hence 

\\£SA\\ x h<C, 

as required to prove the first inequality in (|6.13l) . 

To conclude the proof of Step II it remains to prove (|6.15|) and (|6.16j) . The 
function So is bounded by Lemma 16.51 hence Sq{T>\) is bounded on L 2 (M) by the 
spectral theorem, and 

||So(Z>i)|| 2 < ll^olloo. 
Since Sq(T>{)A is supported in Bq = B(p, 5R), we have 

l|5 pi)A|| 2 < I So (Pi) 1 2 \\A\\ 2 < CR- n ' 2 . 



Furthermore, the integral of So(T>i)A vanishes by Proposition 16.61 (ii), so that 
S'o(2?i) A is a constant multiple of an if 1 -atom. 

Denote by fcs;(x>i) the integral kernel of the operator Si(T>\). Observe that 

S i (V 1 )A(x)= / A(y)[k Si (p 1 )(x,y)-k Si{Pl )(x,p)]dfx(y). 

JB(p,R) 

By Minkowski's integral inequality and the fact that the support of Si(T>\) A is 
contained in we have that 

\\S l {V 1 )A\\ 2 = \\S l {V 1 )A\\ L , (B%) 



< / \A(y)\I t (y) dfi{y), 

JB(p.R) 

where 

U{v) = \\k Sl (v 1 ){-,v) - k Sl{Vl) {-,p)\\ L 2 {Bi) My £ B(p,R). 
To estimate Ii(y), we observe that 

h{y) <d(y,p) sup ||d 2 A:s i (i, 1 )(-,z)|| 2 , , , 
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and, by dHHJ) and (jlTT2]) . 

d 2 k Si{Vl) (;z) = ^ J cj) p '{t)P N (0){ujr){t) d 2 k J(tVl) (-,z)dt. 

Recall that ^ is supported in £, = {i e 1 : ^~ l R < \t\ < 4 4+1 i?}, that the 
support of ujr is contained in [-1,1] and that d(p,y) < R. Then, by [MMV11 
Prop. 2.2 (hi)] (with J in place of F), there exists a constant C, independent of i 
and R, such that 



Ii(y)<Cd(y, P ) / ^"(tJlPjvOXwfXf)! sup \\d2kj itVl) (;z)\\ L afB , dt 

JEi 

< C R{A i R)- n ' 2 ~ l . 

Thus, 

||5i(X>i)i4|| 2 <C4- (4 4 .R)-"/ 2 ||A||i 

This concludes the proof of 15f) . Now we prove (|6.16[) . Recall that £ = T> 2 + bl = 
V\ + {b-K 2 )l. Therefore 

(6.17) WLS^Ah < WVlSiiV^Ah + \b-n 2 \ \\Si{Vi)A\\ 2 . 

We first estimate ||I? 2 S',;(I?i)A||2 when i is in {1, . . . ,d}. Observe that 

V{S i {V 1 ) = -== / ^lp N (O)(L0?)(t)F(W 1 )dt, 

where F(X) = \ 2 J(X). Since the function A M> F(t\) is an even entire function of 
exponential type \t\ and the support of 4> Pi is contained in the set Ei, the support 
of F(tT>i) A is contained in Bi, by finite propagation speed. Thus 

F{ffl 1 )A{x)= I A(y)[k F (tT> 1 )(x,y)-k F ^T> 1 )(x,p)]dfx(y), 
Jb( p ,r) 

and, by Minkowski's integral inequality, 

\\F{W 1 )A\\ 2 = \\F{W 1 )A\\ LHBi) 

< [ lAiy^IMMv) 

JB(p,R) 

< ||A||i sup Ii(y), 

yeB( P ,R) 

where 

h{y) = WkFitD^i-iV) - k F(rDl) (-,p)\\ L 2 (Bi) Vy 6 B{p,R). 
Observe that 

h(y) < d{y,p) sup ||d 2 fc f(tPl) (-,z)|| 

zSM k %> 

Since sup AgR+ (l + A)^- 2 |-F(A)| < oo by the asymptotics of Bessel functions of the 
first kind and N — 2 > n/2 + 1 by assumption, we may use [MMV11 Prop. 2.2 (hi)], 
and conclude that 

sup Hdafc^oMII^) < CI*!-"' 2 - 1 Vie [-1,1]. 

zGM 
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iViS^Ah < GR / \P N (0)(ojr)(t)\ sup \\d 2 k F(Wl) (;z)\\ L dt 

J-oo 1 

^cwt^p^o^moc fAi ': /3 . a / 



Therefore, since the support of is contained in the set Ei 

zeM 

R 

(4*^2+3 

<C4->(B,r 1/2 V»G{l,...,d}- 

Now, the inequality (|6.16|) for i S {1, follows directly from this, (|6 . 1 T[) and 

(|Q5| . 

Next we consider £S'o(2?i)A. Observe that CSq(T>i)A is supported in J3(p, 5i?), 
and that 

||£5 (Oi)A|| 2 < |||£5o(©i)||| 2 ||A|| 2 

< M (i?(p,i?))" 1/2 I £ So Pi) 1 2 

<C^{B{p,bR)y 1/2 |||£5 (Pi)||| 2 . 

To prove that C S {V{) is bounded on L 2 (M), with norm independent of R in (0, 1] 
observe that, by the spectral theorem and Lemma 16.51 

III £ So Pi) I < sup (A 2 +6) | So (A) | 

A>0 

<C, 

where C is independent of R. This concludes the proof of (|6.16p . and of Step II. 

Step III: proof of the second inequality in i6.13]) . For each j in {1,2,3,...}, 
define ujj by the formula 

(6.18) uij(t) =ui(t-j) +ui(t + j) VteK. 

Observe that X^Li = 1 — w and that the support of tJj is contained in the set 
of all t in K such that j - 3/4 < \t\ <j + 3/4. 

In the rest of this proof, we write fij,jv instead of P/v(0)(wj f). Observe that the 
support of Oj,jv is contained in {£ € K : j — 3/4 < \t\ < j + 3/4}. Moreover, since 
r(t) = c _1 e~ c '*' and c > 2/3 there exist constants C,e > such that 

(6.19) ||%,Jv||oo < Cc" 2 « Vj e {1,2,...}. 
Define the function Tj : R — > C by 

/oo 
nj, N (t)J(tX)dt VAeR. 
-oo 

We may use the observation that (m — lj * m)~ = S^Li w i ^ an( i formula (|6.4p . 
and write 

1 f 00 

(m - 2 * m)(A) = — / (l - f(i) cos(U) dt 

oo 

3=1 

Then, by the spectral theorem, 

oo 

TA = Y,T j (V 1 )A. 

3=1 
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Now we estimate || T^- (X>i ) A|| 2 - By the asymptotics of ID formula (5.11.6), 

p. 122] 

sup I {l + s) N J(s)\ < 00. 

By RemarkHTJwe may apply [MMV11 Proposition 2.2 (i)], since N— 1/2 > (n+l)/2, 
and conclude that 

\\J{W 1 )A\\ 2 < im|i|||J'(«Di)||| 1 . a 

< sup \\k J(tVl) {-,y)\\ 2 

< C |t|-" /2 (1 + \t\) n/2 ' S Vt G R \ {0}. 

for some 8 > 0. The function J[tT)\)A is supported in B(p, t + R) by Remark 16.71 
and has integral by Proposition [676] (i). Moreover 

/oo 
|fi AJV (t)|||.7(*2?i)A||2di 
-OO 

<c / |n i)JV (t)||t|- n / 3 (i + |i|) n/a 5 dt 
j 3-3/4 

<Cc~ 2 ^ Vj G {1,2,...}. 



By (|23|) there exist e > such that c~ 2f) j < Cfx(B(p,j + 1)) 1 <T zj . Hence 

(6.21) 11^(00^112 <C M (B(p,j + l))- 1/2 e-^ {1.2....}. 
Observe that, at least formally, 

00 

CTA = J2^T j (V 1 )A. 

i=i 

To prove that the series converges in X* t (M) we estimate ||£Tj(2?i)A||2. Note that 

(6.22) WCTjfpJAWi < WVfT^V^Ah + \b - k 2 \ WT^V^Ay. 

We have already estimated ||T 3 -(Di)A||2 in (j6~2Tj) . so we concentrate on \\T>lTj(Di)A\\ 2 . 
By (|6.20|) and the spectral theorem 

r°° At 

v\t j (v 1 )= / n J Mt)F(tv 1 ) w , 
j -00 1 

where F{\) = X 2 J(X). By using ([6351 , [MMVli Proposition 2.2 (ii)] and the fact 
that the support of fij jv is contained in {t : j — 3/4 < \t\ < j + 3/4}, we obtain 
that there exist constants C and e > such that 

f°° r\t 

Wvjr^Ah <c J ^ \n 3 . N (t)\ WFiW^Ah- 

<c\\a\\i [°° PiA^in^i^ 

J -00 1 

< C e~ 2 ^ 

< C »{B(p,j + l)y 1/2 e~ £ i Vj G {1, 2, . . .}. 
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This estimate, (|6.21j) and (|6.22|) then imply that 

(6.23) WCT^Ah < C fx(B(p,j + l)y 1/2 e-^. 

Now, by (|6.20|) we may write 

/oo 
n j ^ N {t)J{W 1 )A6.t 
-oo 

( 6 - 24 ) = C k f n 3 , N (t)J{W 1 )£ 1 - k Adt 

= C a h 

where a 3 = jl!^, Oj,iv(*) J{tV x )C}- k Adt. 

The function a,j is supported in B(p, j + since C 1 ~ k A is in Ll(B(p,R)) and the 
kernel of the operator Qj^(t) J(W{)dt is supported in {(x, y) : d(x, y) < j}. 
Moreover, J M a,j d/j, = by Proposition ^. 61 (ii), and 

(6.25) |K|| 2 < Cj\£- k j\ 2 n(B(p,j + l))- 1/2 e-^, 

by (|6.23p . Hence a,j is a multiple of an ii/^-atom supported in B(p,j + l).Then we 
may apply Lemma 16.11 to the function aj, and conclude that CTj(T>i)A = C k cij is 
in X k t (M), and that, by (jg^l) . 

WCTjCDjAWx* < Cj {h{B{p,j + 1)) V2 WCTj^Ah 
< C je~ sj . 
By summing over j, we see that 

CO 

WLTAW^KCj^j^, 
thereby concluding the proof of Step III and of the lemma. □ 
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